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Abstract. We study the well-posedness of the initial value problem for a 
wide class of singular evolution equations. We prove a general well-posedness 
theorem under three assumptions easy to check: the first controls the singular 
part of the equation, the second the behavior of the nonlinearities, and the 
third one assumes that an energy estimate can be found for the linearized 
system. We allow losses of derivatives in this energy estimate and therefore 
construct a solution by a Nash-Moser iterative scheme. As an application 
to this general theorem, we prove the well-posedness of the Serre and Green- 
Naghdi equation and discuss the problem of their validity as asymptotic models 
for the water-waves equations. 



1.1. General setting. We investigate in this paper the local in time well-posedness 
of singular evolution equations of the form 



where e € (0, £q) is a parameter, C £ (t) is a linear operator, while T £ [t 1 •] is nonlinear. 
Under appropriate assumptions, we prove that the initial value problems (I VP) 
(HJo<e<£o admit a solution on a time interval [0, T], with T > independent of e. 

Such a result is known in the case of quasilinear symmetric hyperbolic systems, 
and provided that the linear (and singular) part ^C e (t) is, say, a constant coefficient 
anti-adjoint differential operator (see e.g. [TH] for the case of classical symmetric 
system, and [5] for an extension of these results). 

In the quasilinear case for instance, an essential step is the study of the IVP associ- 
ated to the linearization of |T]) around any reference function u belonging to some 
functional space X: if a solution v to this IVP can be found in X, and if an energy 
estimate controls the norm of v in terms of the norm of u, then a solution to ([1]) 
can be constructed by a standard Picard iterative scheme. 

Our goal here is to investigate situations where this general approach fails. In 
particular, it sometimes happens that the energy estimate associated to the lin- 
earized problem only controls v in a space strictly larger than X; when such a loss 
of information occurs, the standard Picard iterative scheme cannot converge. It is 
however possible, under certain assumptions, to use the iterative scheme developed 
by Nash and Moser and used for the first time to solve the embedding problem for 
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Riemannian manifolds [15j . There exists now an extensive literature (e.g. 0H]) 
showing that the technique of Nash and Moser can be used to prove an abstract 
implicit function theorem. 

The implementation of a Nash-Moser iterative scheme is however very technical, 
and is only used as a last recourse to solve nonlinear evolution equations, though 
some recent works show that it is a useful tool (e.g. [TBI [T7J HU [13j [TUl II])- Wc 
develop here a Nash-Moser theorem specific to the general class of IVP ([1]) , which al- 
lows us to greatly simplify the general theory (at the cost, sometimes, of optimality 

- see also [TS] for a simplified general Nash-Moser implicit function theorem) . The 
interest of these simplifications is twofold: i) we can state a general well-posedness 
theorem for (flj under three assumptions easy to check on C £ (t), T e and the lin- 
earization of (fTJ); ii) we can also handle the presence in the equation of parameters 
and singular terms. We also show how these results can be used for the justification 
of asymptotic systems. 

As an illustration, we solve the Serre and Green-Naghdi equations which are two 
of the most widely used models in coastal oceanography ([4j[5l[3] and, for instance, 
[20119]). We also address the problem of the relevance of these models as asymptotic 
models for the exact water-waves equations. 

1.2. Organization of the paper. We start by giving the three assumptions of 
our general well-posedness theorem for ([T]) in Section 11.41 Section [2] is devoted to 
the main theorem: it is stated in Section [27X1 and proved in Sections 12.21 and 12.31 
In Section [3l we give some generalizations and a corollary of the theorem. The 
three main assumptions are weakened in Section 13.11 where we allow a more com- 
plex dependence of the energy estimate on time derivatives. In Section 13.21 some 
useful and easy generalizations are given: a slight weakening of the three main as- 
sumptions (|3.2.2[) , the possibility of handling other parameters than e (|3.2.ip and of 
replacing the linearization of |T]) by an approximate linearization (|3.2.3p . Finally, 
a corollary is given in Section 13.3) which gives a stability property very useful for 
the justification of asymptotics to |l|. 

An application of the main theorem is given in Section [¥] where the Serre and 
Green-Naghdi equations are solved uniformly with respect to the so-called shallow- 
ness parameter ( Section 14. 2j) . The results of Section [4] are then used in Section l4~3l 
to address the justification of the Serre and Green-Naghdi models as asymptotic 
models for the full water-waves equations. 

1.3. Notations. - We generically denote by C(Ai,A2,...) a constant depending 
on the parameters Ai,A2,...; the dependence on the Xj is always assumed to be 
nondecreasing. 

- If X\ and X2 are two Banach spaces, we denote by £(Xi,X2) the set of all 
continuous linear mappings defined on X\ and with values in Xi- 

- If X is a Banach space and T > 0, then Xt stands for C([0, T];X), and we denote 
by I • \x T its canonical norm. 

- If Xi and X 2 are two Banach spaces and T € C([0, T]; &{X\\ X2)), we denote 
by J- u , T uu and Tu\ the first, second and j-th order derivatives of the mapping 
u 1— > JF[-, u). 

- If X\ and X2 are two Banach spaces and T £ C 3 '([0, T}; C(Xi; X2)), we denote 
by T^> the j-th order derivative of the mapping 1 1— > J-[t, ■}. 

- We denote A := (1- A) 1 / 2 and H s {R d ) (s e R) the usual Sobolev space H s {R d ) = 
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{u G S'(R d ), \u\h» < 00} , where \u\h> = \A s u\l2. We keep this notation if u is a 
vector or matrix with coefficients in H s (R d ). 

- We use the condensed notation 

(2) A s = B s + (C s ) s> s 

to say that A s = B s if s < s and A s = B s + C s if s > s. 



- By convention, we take = and J^J = f . 

f .4. Main assumptions. We state here three assumptions which imply the well- 
posedness of ((T|). The first one deals with the linear operator C £ , the second one with 
the nonlinear term T £ , and the last one with the well-posedness of the linearization 
of |T]). Throughout this article, we assume that (X s ) s6 r is a Banach scale in the 
following sense: 

Definition 1. We say that a family of Banach spaces ((X s ), | • | s ) s gR 1S a Banach 
scale if: 

• For all s < s', one has X s c X s and | • | s < \ ■ \ s >; 

• There exists a family of smoothing operators Se (9 > 1) such that 

Vs<s', Vner', \(1-S e )u\ s <C SiS ,O s - s '\u\ s , 

and 

Vs < s', Vu e X s , S g u e X s ' and \S u\ sl < C s , s /0 s '- s |u| s ; 

• The norms satisfy a convexity property: 

Vs < s" < s', Vu G X s ', |u|,« < C^^lul^uiy^, 
where fj, is given by the relation fj,s + (I — fi)s' = s" . 
The assumption made on the linear operator C e is the following: 

Assumption 1. There exist T > 0, so 6 K anrf m > smc/i </iai: 

(1) for s > s , one has C £ E C(R; £(X s+m ; X s )) and (£ £ (-)) 0<e<£o is 
bounded in C*([0, T]; £(X s+m ; X s )); 

(2) One can define an evolution operator U e {-) G C(M.; £(X S , X s )) (s > Sq) as 

Vj£l s , U £ {t)g :=u s (t), where d t u £ + -C £ (t)u £ = 0, uf _ = g, 

and (U £ (-)) 0<£ <eo is bounded in C([—T, T];£(X S , X s )). 
We can now state our assumption on the nonlinear operator T £ : 

Assumption 2. There exist m > 0, T > 0, and sq £ R such that for all s > sq, 

T e C{[0,T];C 2 (X s+m , X s )) and: 

(1) For all u S X s+m , 

sup |J" e [t,u]| s < C(s,T, |w| So+m )|w| s+m ; 
te[o,T] 

(2) For all u,v £ X s+m one has 

sup \T £ u [t,u]v\ s < C(s 1 T,\u\ So+m )(\v\ s+m + \u\ s+m \v\ Sa+m ); 
te[o,T] 
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(3) For all u, v\,V2 G X s+rn one has 
sup \J r ^ u [t,u](vi,V2)\s < C(s, T, |u| S[)+m )(|wi| s+ 

m|^2|so+m ~t~ 1^1 1 so +m | s+m 

te[o,T] 

+ \u\ s+m \vi\ So+m \v 2 \ So+m ) ■ 

Remark 1. The estimates of the assumption are uniform with respect to e € (0, Eq) 
and called tame estimates after Hamilton [7/. the dependence of the r.h.s. on the 
norms involving the index s is linear. 

Before stating the assumption made on the linearization of |T]), let us define the 
space Xts (j G N) and F s as 



u \x° 



(3) Xfo := f]C k ([0,T};X s - km ), := £ \(ed t ) k 

k=0 k=0 

(4) F* := C([Q,T];X s )xX s+m , := l/U* + 
and, for all (f,g) e F s and t G [0,T], 

(5) I s (t,/,5) := \9\s+ [ sup 

Jo 0<t"<t' 

Assumption 3. Lei so,™ and T be as in Assumption^ There exist d\,d[ > 
such that for all s > s + m, u £ G X s ( + dl and {f e ,g £ ) G F s+ < , the IVP 

(6) d t rf + ^£ e (t)v s + J*[t, u'Y = J", V f t=Q = g", 

admits a unique solution v £ G C([0,T];X s ) /or a/Z e G (Q,£o), and 

k e U- < C( £o ,s,T> e | . 0+m+il ) 

<i) 

x (i, / £ , + \u £ \ xS+dl l Sa+m+d 'i (t, f £ , g £ )) • 

Remark 2. The above energy estimate exhibits a loss of di derivatives with respect 
to the reference state u e (and of d^ derivatives with respect to the source term 
and initial data) in the sense that a control of v £ in X^ requires a control of u e in 
X^~ dl . This loss of information makes a standard Picard iterative scheme useless 
to find a solution to |T]). However, since the energy estimate is tame, one can 
perform a Nash-Moser type iterative scheme. The fact that the energy estimate is 
also uniform with respect to e G (0, Eq) is essential to obtain an existence time T 
independent of e. 



2. A Nash-Moser type theorem 

2.1. Statement of the theorem. We state here the main theorem of this article 
(a generalization is also given in Theorem [2 below). In the following statement, 
we use the notations 

5 := max{di, d^+m}, q:=D—m—d\ and P m in '■= S+—(VS+^/2(8 + g)) 2 , 
and we also recall that F s+P = C([0, T];X S+P ) x X s+p+m . 
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Theorem 1. Let T > 0, so, m, d\ and be such that Assumptions]^^ &re satis- 
fied. Let also D > S, P > P m in> s > so+m and (h £ , Mo)o<e<£ oe bounded in F s+P . 
Then there exists < T < T and a unique family (u E )o<e<e bounded in C([0, T]; X s+ 
and solving the IVPs (QPo<e<e ■ 

2.2. Proof of the theorem. With the evolution operator U £ (-) defined in As- 
sumption [TJ one can define a nonlinear operator Q E [t, •] as 

Vi 6 [-T,T], Vu e X S0+m , G E [t,u] := U E (-t)T E [t,U E (t)u}. 

The next lemma shows that one can reduce the study of |T]) to the study of 

d t u e + g E [t,u E ] = U E (-t)h E 

Uf = Un 

I t=o — u 



(7) 

and also states that Q e has the same properties as T 



Lemma 1. i. If u £ E C([0,T};X s ) solves then u £ E C{[0,T};X s ) solves 
where u e (t) := U e {t)u e (t). 

ii. Assumption]^ still holds if one replaces T e by Q e . 

Proof. Assumption Q] shows that if u e £ C{[0,T];X s ) then u e E C([0,T];A s ). 
Remark now that if u e solves (O , then 

d t (U E (t)u E ) = -^C E (t)U E (t)u E - U E {t)Q E [t,u e ]+h E - 

since U e (t)Q £ [t, u £ ] = J- e [t,U e (t)u £ ], the first point of the lemma follows. The 
second point is a direct consequence of Assumptions [1] and [2j □ 

Defining the space F s as in © and E s as C([0, T]; X s ) n C 1 ([0, T};X s ~ m ) en- 
dowed with its canonical norm (which makes E s different from Xf^), we can use 
Lemma [TJ to check that finding a solution u £ to (H|) is equivalent to finding a root 
u e of the equation $ £ (u e ) = 0, where 

j^s ^ rps—m 

$ £ : u i-> (d t u + g E [-,u] ~ h E ,m - "q), 

:=*i(u) 

for all s > so + rn and e £ (0, £q), and with h e (t) := U £ (—t)h e (t). 

We seek a root u £ to the equation = as the limit of a Nash-Moser type 

iterative scheme, namely, 

(8) u% +1 = u% + S k v%, 

with Sk ■= Se k , for some 9k > to be determined, and where v% solves 

d t v% + g s u [t,u%]v% = -^(u%), 
v%\ t=0 =uf,-u% u=0 . 

The following lemma shows that the above IVP can be solved and that the knowl- 
edge of u\ thus determines w|. 

Lemma 2. Suppose that Assumptions]]^ are satisfied, and let s > so+m. Assume 

also that u% E E s+ch and £ F s+ < . 

Then there exists a unique solution u| £ E s to (0) and 

\v%\e- < C(e ,s,TAu%\ ESO+m +i 1 )(\$ e (u%)\ FS+di + \<S> E (u E k )\ FS0+m+d[ \u%\ E s +dl ) . 



(9) 



6 



BORYS ALVAREZ-SAMANIEGO AND DAVID LANNES 



Proof. From Assumption [3l wc know that there is a unique solution w k of the IVP 

f d t w% + \C e {t)wi + J*[t, U%t)u%]wl = -C/ £ W$iK), 

1 Wfci^o =ao-«||«= a ; 

as in the proof of Lemma[TJ it is easy to check that vf. := U £ (—t)w k solves ©■ 
Since Assumption Q] implies that \U e (-)u e k \x^ < C(e )\u £ k \E r (r > s + m), one can 
deduce from the estimate of Assumption [3] and Assumption [T] that 
(10) 

|«1U- < C(e ,r,r,|u|| iS30+m+£il )(|$ £ ( w |)| Fr+di + |$ e ( M |)| FS0+m+d; | M || B . +£il ); 

with r = s, this is the control we need on |f^|x a ; to conclude the proof, we must 
therefore show that the same bound holds for \dtV k \ x »-m. From the equation one 
has dtvf, = — Gu[t,u £ k ]v k — $i(tt|), so that using LemmaHJii, one gets 

\d t v%\ x s- m < C(s,T,\u%\ K0+m )(\vl\ Xf , + \vl\ K0+m \u%\ X s) + 1^(4)1^. 

and one can conclude with ()10[) (with r = s and r = sq + m). □ 

Let us now state the three lemmas which form the heart of the proof, and whose 
proof is postponed to the next subsections for the sake of clarity. 

Lemma 3. Let D > m + d \ and s > sq + m. //, for some M > 0, one has 
\u £ \ e „+d<M (j = k,k + l), then 

\&(ut +1 )\ FS+d , < C(s, T, M)(0 k n+d ' 1 ~ D + \v%\ E , +D )\vi\ E s + », 
with C(s,T, M) independent of e. 

Lemma 4. Let D > d\ and s > SQ + m. If, for some M > 0, one has |u| , Jj^+d < 
M, then 

\v% +1 \e* < C(s ,s,T,MW(u £ k+1 )\ F3+di , 
with C(so,s, T, M) independent of e. 

Lemma 5. Let 6 := max{c?i, (d[ + to)}, P > D > 6 and s > sq + m. If, for some 
M > 0, one has \u k \ E s+n < M and \(h £ , Uo)l_F a + p - m < M, then 

\ul +1 \ E s +P <C(s ,s,T,M)(l + e 5 k )(l + \u%\ E s +P ). 

If moreover \u k+1 \ E s+D < M, then one also has 

\v £ k+1 \ ES+P - S <C(e Q ,s,T,M)(l + \u £ k+1 \ E s +P ). 

We can now proceed with the proof of the theorem, which is a typical Nash-Moser 
iterative scheme : Lemmas[3]and|2]provide a control of \v k+1 \ E s in terms of | v||_es+d , 
thus exhibiting a loss of D derivatives but providing a rapid decay of 
while Lemma [5] control the growth of \v k+1 \ E s+p-s . A control of |^| +1 |_es+d is then 
recovered by the interpolation formula 

(11) \v%+i \e*+° < Cst \v% +1 \%. \v £ k+1 |^ p _ g , 

with /i = 1 — -pfiT. 

Before entering the heart of the proof, let us define the sequence (9k) k used for 
the smoothing operators as k +i = k (k € N), for some r > 1 defined below. 

Remark 3. One has dk = &o j so tnat (*f r > 1)j SfceN^fe 9 =: - converges if and 
only if do > 1. Moreover, can be made arbitrarily small provided that #o is chosen 
large enough. 



A NASH-MOSER THEOREM FOR SINGULAR EVOLUTION EQUATIONS 



7 



We are now set to control the sequences (u%)keN and (wpfceN by induction. For 
some M > such that 

(12) \{h e ,y^)\ F s+p- m < M and \u E \ E s+n < M/2, 
we define the properties (i)& -(iii)fe as 

. (i) fc : \u%\ E s +P <6%; 

• (ii)fc : KIb*+ d < M \ 

• (iii)fe : IwH^s+d < 6 k q , with q = D — m — d[ > 0. 

Proof of (i)k+i-(iii)k-{-i assuming (i)k -(Hi)k ■ Since one has |w|| B s+d < M by (ii)fc , 
|u^.| E3 +p < 9% by (i)fc and |(/i E , Uo)I.F s + p - m — by definition of M, one can apply 
Lemma [5] to obtain 

< C(s ,s,T,M)(l + 6t)(l + e%) 
= f(E ,s,T,M,k)6% +1 , 

with 

f(e , s, T, M, k) = C(e , s, T, M)(l + 6{){l + 6%)0^ r . 
Assuming that 

(13) 5-a(r-l)<0, 

it follows from the explicit expression of /(eo, s, T, M, k) that f(so, s, T, M, k) < 1 
for all fe € N provided that 6q is chosen large enough. This proves (i)fe+i • 
Recalling that u e k+l = u\ + /Sfcuf., one has u 6 k+1 = u% + Ylj=o^3 v j' an< ^ thus 

l u |+il,E s +- D < ^/2+X^=o ^fc ? - As seen m Remark[3l one then gets (ii)fc+i provided 
that 8o is chosen large enough. 

In order to prove (iii)fc+i , remark first that it follows from Lemmas [3] and [4] and 
the choice of the sequence (#fc)fceN that 

(14) \vl +1 \ E , <C( £o ,.s,T,Af)^ /r . 
We can also use the second assertion of Lemma [5] to obtain 

(15) \vl +1 \ Es+P -s <C(e ,s : T,M)(l + et +1 ). 
It follows therefore from (11]), (TJJ} and that 

K +1 \ E , + n < C{e o , S ,T,M)6- k l^ r {l + 0t +l ) l -» 
= g(E ,s,T,M,k)9^ v 

with g(e , s, T, M, k) := C(e , s, T, M )9^ q/r (l + dk+i^'^+v Choosing r such 
that 

(16) 1 < r < 2W 



g + a(l — fi) ' 

one gets that g(eo, s, T, M, k) < 1 for all k € N, provided that #o is chosen large 
enough. 

It follows from the lines above that in order to complete the proof of the heredity of 
the induction property, we just have to take 9q large enough, and to prove that one 
can choose a, r and P such that the conditions (|13| and (|16p are satisfied. This is 
done in the following lemma: 



Lemma 6. Let a = S + ^26(6 + q); if P > S + j(VS + y/2{5 + q)) 2 , there exists 
r > 1 such that conditions il3\) and A16\) are satisfied. 
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Proof. Let us denote r ■= q+ ^_^ ■ Quite obviously, (fT3)) and (fTB|) are satisfied 
with r = r — e (e > small enough), provided that r — 1 > S/a, that is, 

(2q + a)n — (q + a) ^ S 
q + a(l — (i) a' 

or equivalently, if 

g(l - S/a) 

M > 1 - \ — r = : Mmin « ■ 

The value of a given in the statement of the lemma corresponds to the minimum 
of n m i n {a). One then computes that [i m i n {a) = 1 — — f , and the lemma 

then follows from the observation that /x > /x m j n (a) is equivalent to P > <5 + 



l-IM, 



□ 



Proof of (i)o-(iii)o- We have to construct here the first term of the sequence Uq in 
such a way that (i)o-(iii)o an d (O are satisfied for some M > and 6* > 0. We 
need the following lemma: 

Lemma 7. For all s > sq + m and (n e , u§) G F s+P , i/iere exists Uq E E s+p such 
that Uq l =0 = Uq and smc/i i/iai 

|tt§U.+« < C(s,T, K^.ugJIjr.+u) and < C(s,T, |(ft E ^)| F8+ p), 

and 

|$ £ (nS)| F , +D+(ii < TC{s,T, W,ul)\ FS+D+d , +m ). 
Proof. Let us define u e £ C([0, T];X S+P ) as 



«§(*)=«§+ / (/i £ (t')-^[t',^])^'. 
Jo 

From Lemma [T]and the definition of | • \e», one gets for all r > 0, 

(17) |u5| B .+r < K| s+r + C7( S ,T,|ng| S0+m )(|n e | x j + ,. + |^| s+r+m ); 

the estimates on Uq given in the lemma are thus a consequence of (jTTJ) , with r = D 
and r = P. 

By definition of $ £ , one also has 

<r«) = {Q e [;ut)-Q s [;y£\,Q) 

G e u [;y% + z{u e - u^)](u e - ul)dz, 0), 

so that one deduces from Assumptions [1] and [2] that 

{^(uDlps+D+ii < C(s,T,\ul\ x ^ + n +d i +m A^\ s +D+d[+ m )\u s -y^\ x , +D+d ' 1+m , 

and the estimate on ^ £ (uq) of the lemma follows easily. □ 

Thanks to the lemma, taking M — M(s, T, \(h £ , Uq)\ps+o) large enough, one gets 
I m oIb»+ d < M/2, which proves (ii)o- Choosing 6 = 6 (s,T,\(h 6 ,u^)\ F s+p) large 
enough, one also gets (i)o from Lemma In order to prove (iii)o, remark first 
that Lemma [2] yields \vf,\ Es+ D < C(e , s, T, M)\$ e (v%)\ F s+D+d ' t (1 + 6%). It follows 
therefore from the lemma that, taking a smaller T if necessary, (iii)o is satisfied, 
which ends the induction proof of properties (i)fc, (ii)fc and (iii)fc. 
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The end of the existence part of the proof of the theorem is now straightforward: 
it follows from (i)k, (ii)fe and (iii)fe that the series Uq + J2k SkV% converges to some 
u £ E E s+D and taking the limit k — > oo in Lemma [3] shows that $ e (u e ) = 0. 

In order to conclude the proof of the theorem, we must now prove that the 
solution constructed above is unique. Assuming that u ej S E s+D (j — 1,2) are 
both solutions to {!]), we show that w := u 5,2 — u 6,1 is identically 0. Let us remark 
that w solves the IVP 

d t w + \L e {t)w + F*[t,u £ ' 2 ]w = H, 
W U= = °> 

with H := J^[t,u E ^] - J^[t,u e ' 2 ] - J^[t,u s ^]{u e ' 1 -u e > 2 ). 
A direct application of Assumption [3] yields 

\w{t)\ Sa+m <C{e ,T,\u E ' 1 \ x s 0+m+s ) f sup \H(t")\ S0+m+d[ dt', 

(i) Jo o<t"<t' 

and since |iT(f)| ao+TO+d i/ < C(s,T,\u £ < 2 \ x s +m+s)\w(tf)\ So+m by Assumption [^gj , 
a Gronwall argument shows that w=0. 

2.3. Proof of Lemmas [H [H [5j 

2.3.1. Proof of Lemma[3[ In order to give an upper bound for |$ e (u| +1 )| 

need to control $i(u|. +1 ) in X T 1 and | t=0 - v%\ s+d > i+m . 

First remark that a second order Taylor expansion of yields 

= *i(u!) + *i(«!)(«!fi-«fc) 

+ / (1 - + - - " M £)^- 



Since by ©, one has — it| = Sfcu|, and since by definition $i(m|) = 9*u| + 
<? e [-,it|] — h £ , it follows that 

(18) $ 1 (ut +1 ) = E 1 +E 2 , 
with 

+ / (l-«)eS u h«* + -«|)](5fc»|,5 fc «|)tfa 
Jo 

(19) = / (l-z)^ m [-,4 + z(4 +1 -4)](5 fcU |,^i)dz 

Jo 

(the last equality stemming from the fact that vt solves ([9])), and 

(20) E 2 = (S k - l)d t v% + g s u [-,u%}((S k - IK). 

Since by Lemma [TJii, Q £ satisfies Assumption [2^| . and since s + d[ + m < s + D, 
one can control E\ as 

l^ll^i < C(s,TM\x^M+l\x^)\ S kVt\ 2 x? +n 

(21) < C(s,T,M)\v £ k \ 2 . 
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Since Lemma [TJii also ensures that Q e satisfies Assumption , one gets 



\Gl[;u%){{S k -l)v%)\ +< <C(s,T,M) sup \(S k - lH(t)\ s+m+d[ . 
t te[o,T] 

It is then a consequence of the properties of the regularizing operators (recall that 
S k = Se k ), that 



\E 2 \ +d[ < CstC^' 1 D {\d t vl\ x , + o- m +C(s,T 1 MM\ x s + o) 

-Ay 1 1 

(22) < C( S ,T,M)6™ +d 'i- D \vl\ ES+D . 

It is then a simple consequence of (|18|) . ([21) and (|22|) to conclude that 

(23) |*i(«S+i)L.+-i < C( S ,T,M)(C +< " D + 

We now turn to control [t=0 -tt§j s+d;+m . Since u% +1 | 1=0 -Mo = (Sfc-lK | t = Q > 
one gets 

14+1 | t =o -^oU+rfi+m < Cst 0™ +dl ~ D sup |u|(t)| s+£) 

te[o,T] 

(24) < Cst fl^^KU^- 
The lemma follows directly from (|23|) and ((24)) . 

2.3.2. Proof of Lemma^ Since l^s+d! < M, one gets therefore from Lemma 
M (at step k + 1), 

(25) <C( £o ,s,T,M)|$ £ (4 +1 )U +4 , 
and the lemma is proved. 

2.3.3. Proof of Lemma\^ Thanks to LemmaHJii, one has, for all r > so, 

(26) |$ £ (u)| F r < C(| U | £S0+m )| U | £ . +m + Cst \(h s ,v^)\ F r; 

remark also that since u e k+1 = u| + Skvf., one can use the properties of the regu- 
larizing operator Sk — Se k to obtain 

(27) \u% +1 \ E s +P < \u%\ E s +P + Cst Oi\v%\ E s +P -s. 
From Lemma O one deduces 

\v%\ Ea+P - S <C( £o ,s,T,M)(|$ e (u|)| jrSO+m+<ii |t t ||^ + P + |$ £ ( U |)| FS+P - m ) 

so that, using l|26p with r = so + m + d'i and r = s + P — m, and the assumption 
made on (/i e ,Ug), one obtains 

(28) <C(e ,«,T,M)(l + |u|| B . + p). 
Together with (|27|) . this last estimate shows that 

<C( £ o,s,T,M)(1 + ^)(1 + K| B3+ p) ) 
so that the proof of the first assertion is complete. 

The last part of the lemma is exactly (|28|) with the index k replaced by k + 1. 
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3. Further results 

We propose in this section a more general version of Theorem[T]and some remarks 
extending its range of validity. We also a stability property very useful for the 
justification of asymptotic models for instance. 

3.1. A more general version of Theorem [U The aim of this section is to prove 
a result similar to Theorem [1] when the energy estimates of Assumption [3] involve 
P + 1 (p •_ 1) time derivatives of the reference solution u e (such a situation occurs 
for instance with the water-waves equations). With this goal in mind, we replace 
the three assumptions [l][3] by generalizations to the case p ^ 0. We first generalize 
the spaces E s and F s used in the proof of Theorem Q] as follows: 
p+i p 
E s {p+1) := P| C 4 ([0,T]; A— ""), Ffa := f| C™([0, T];X s ~ im ) x X s+m 

i=0 i=0 

endowed with the norms 



Me*. = Hx. + \d t u\ x .- m + J2\( E d t ) i a, 



" I .\ >" " IV - / V- "< / ^t U \ v-s-(i+l)m , 

(P+1) T ^\rp £ J 'Ay 

i=l 

i=l 

and we also define for all (/, g) € and £ <E [0,T], 

r* p 

ZL)(tJ,9) = \9\ s+m + V sup \(ed t yf(t")\ s _ m dt' 

Jo ~^0<t"<t' 

(so that -f'o) an d I? ) com cide with i? s , F s and X s respectively). 

Assumption 1'. Assumption^ holds with ^j) replaced by the stronger condition 
(when p > 1): 

(^^]) , for s > s , one has C E € C P (K; £(A s+m ; X 5 )) and for all i = 0, . . . ,p, 

{e l j^C £ {-))o < e<e is bounded in C([0, T]; £(X s+m ; X s )). 

Assumption 2'. Assumption\^holds with (Q])-(C^ replaced replaced by the stronger 
conditions: For all < i < p and 0<i+j<p + 2, and for all s > so + im, one 
has T e € C i ([0,T\;C^{X s+m ,X s - im )) and 

sup le^X'lt, u](v u . . .,Vj)\ s - im < C(s,T, \u\ So+{l+1)m ) 
te[o,T] u ' 

3 3 

x {^2\Vk\s+rn Y[ Mso + (»+l)m + \u\s+rn I V k |« +(t+l)m) • 

fe=l Z^fc fe=l 

Assumption 3'. There exists p£N smc/i £/iai /or a// s > so + m, u £ S Xf^K and 

0<£<e o admit a unique solution v £ G C([0, T]; A s ), 

and 

Vie[0,T], < C(£o,s,T,| M e | x , 0+m+dl ) 

<p+i) 

x (i^( t ,r,f) + \^\ K++% i s ^ +d Ht,r,f))- 



12 



BORYS ALVAREZ-SAMANIEGO AND DAVID LANNES 



Theorem [T] then admits the following generalization (with S and Pmin as defined 
in Theorem [l}: 

Theorem 1'. Let p G N, T > 0, So, m, d\ and d[ be such that Assumptions [H'-JSP 

are satisfied. Let also D > 5. P > P m i n , s > sq + (p + l)m and (h £ , Wo)o<e<£ ^ e 

bounded in Fft p . 

(p) 

Then there exists < T < T and a unique family (u £ )o< £ <e bounded in C([0,T]; 
and solving the IVPs (QPo<e<e ■ 

Proof. The proof is a generalization of the proof of Theorem [1] and we just sketch 
the adaptations to be done. 

The second property of Lemma [T] can be generalized as follows: 
Lemma 1'. Assumption^' still holds if one replaces T £ by Q £ . 

Proof. Let us first prove the following fact (recalling that the normed space Xf^ is 
defined in ©): for < i < p and s > sq + im, 

(29) V/eAft, U £ (-)f e Xfa and \U £ (-)f\x*. ) < C(s,T)\f\ x ^; 

indeed, from the definition of the evolution operator U £ (-), one can check that 
(edt) 1 (U £ (■) f (■)) is a sum of terms of the form 

(C s ) a °(ed t C e ) ai ■ ■ ■ (s^di^CT'-'U'^dsdtff), 



with ao+2«i + - • ■+iaj_i+/3 — i, so that (j29|) is a direct consequence of Assumption 

m. 

From the definition of Q e , one has, for all < i + j < p + 2, 

e i g<f[;u](vr,...,v j ) = (sd t ) i (U s (-)f(-)), 

with f(t) = J~7j-\[t, U £ (t)u](U £ (t)vi, . . . , U £ (t)vj) so that one deduces directly from 
(f2T))) that for all s > s$ + im, 

(30) \(Ed t )% ) [-,u](v 1 ,...,v j )\ K - im <C(s,T)\f\ xtiy 

Writing u := U £ (-)u and v q := U £ (-)v q , one has / = Th\ [t, (v_i , ■ ■ ■ ,Vj) and for 
all < I < i, (edt) l f is a sum of terms of the form 

e l0 ^ 1+ ... + , l) [fmedt) h v 1 , ■ ■ • , (edtY'vj, [ed t uV\. . . , [(ed t ) l u\^), 

with Iq + li + ■ ■ ■ + lj +71 + 272 + • — H /7; = I, and where [(e9t)'u] 7i stands for the 
7/-uplet with {edtfu on each component. It follows therefore from Assumption [2 
that 

\{sd t ) 1 f\ x s-i m < C(s,T,\u\ xS , Hl+1)m ) 

j j 

(31) x ( K\ x ^ n K' \x% + < i+i)m + Nxj+» n i«,i x -o+(i+i)») 

g=l q'^g 9=1 
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and since (|29|) implies that for all r > sq + lm, |u|x r ,) C{r, T)\u\x^ = C(r, T)|u| r 
and < C{r,T)\v q \ x - = C(r,T)\v q \ r (q = 1, . . . , j), one deduces 

VO < I < i, \(ed t ) l f\ x s-i m < C(s,T, \u\ S0+{l+1)rn) 

3 j 
X C^2\Vq\s+ m |Wg'Uo+(i+l)m + IwU+mJJ KU + (i+l)m)- 

8=1 <?'#g 9=1 

Together with (f30|) . this shows that C/ e satisfies Assumption [2| . □ 

Lemma [2] can then be generalized as follows: 
Lemma 2'. Suppose that Assumptions]^'^' are satisfied, and let s > so + (p+l)ro. 
^sswme a/so i/iai u| G E [p+i) and $ e ( u %) e ^(ri * • 
Then there exists a unique solution vf, S -E"( S p +i) to (G|) Qfirf 

+1 , <C{e ,s,T,\u%\ ^o+{p+i)«+di)(|$ e («|)| s+tli +|$ £ «)| . 0+m+4 |4| £S+£il ) 
(p+ ' a (p+i) -Pjp) F (P ) fi (p+u 

Proof. Following the same steps as in the proof of Lemma [2j one can prove that 
I^ll-E 8 !) i s bounded from above by the r.h.s. of the estimate given in the statement 
of the lemma. The lemma thus follows by finite induction: we just have to prove 
that the desired estimate on u| holds in -Ey; + x) (1 < I < p) if it holds in E^, +l y for 
all/'<L Since moreover | vI\e s < \vI\ei +\(edt) l dtvt\ s -(i+i) m , we are reduced 
to prove that this latter term is bounded from above by the r.h.s. of the estimate 
given in the lemma. From the equation one gets 
(32) 

Proceeding exactly as for the obtention of (|3T|) (with j = 1) - but replacing T e by 
Q e (which is possible thanks to Lemma [T]) . u by ut and v_ x by - one gets 
(33) 

\{sdt) l {Ql[t,U%]v e k )\ x s- {l + ^ m < C(S,T, |4| x ao + ( I+ l)m)(|u||^ ) +|wI|x ( » ) |Vfe| x ao+(l+l)m, 
mciciuic iium auu yooy uiiau | V c^ t ^ ;) " 

above by 

C(eo,*,r,|ttS|^ 0+ ci +1 )m)(|«g|2W + |«||Bf n |«fclB-o+d+l)») + |$iK)| x? -m. 

and using the induction property thus gives the result. □ 

Similarly, Lemmas [3][5] must be replaced by the following generalizations to the 
case p > 0; for Lemma [3l this is done in the following lemma. 

Lemma 3'. Let D > m + d[ and s > sq + m. If for some M > 0, one has 
\u e A „s+d < M (j = k.k+1 ), then 

l* e « + i)L. + <i < C(eo, s, T, M)(e™ +d >- D + \v%\ E s +D ) \vt\ E , + » 

ff p s (P+1) (p+1) 



It follows therefore from (|32ll and (|33|) that |(e9t) dtv k \ x s-y+i) m is bounded from 



Proof. One must add to the proof of Lemmata control of \(£dtY4>i(u £ k+1 ) 



A' 



(i < p). Owing to |18|), we are reduced to control e l d\E\ and e l d\E% in X T 



s-\-d 1 —im 
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From the explicit expression of E\ given in ()19[) and since Lemma [TJ allows us to 
use Assumption [2f with T e replaced by Q € , one gets 

iW-Eil „ +d{ - im < C(e ,s,T,M)\v k \ 2 Ea+D ; 

similarly, one gets from ([2"0)) that 

\(ed t y i E 2 \ s+4 _ jm < C^s^M)^ 1 "^!^ , 

and the lemma follows. □ 

The generalization of Lemma 0] is straightforward thanks to Lemma [2}: 
Lemma 4'. Lei D > d± and s > So + (p + l)m. //, /or some M > 0, one /las 

^(p+i) ~~ 

\v s k+ i\E> p+1) < C(e ,s,T,MW(u% +1 )\ +di . 

(p) 

Finally, Lemma [5] is generalized as follows: 

Lemma 5'. Let P > D > 5 and s > so + (p + l)m. //, for some M > 0, one has 

\u E k \ E s+D < M and \{h e , Uo)\ F a+p-™ — ^ > then, 

(p+i) (p) 

\u% +1 \ Ef+P <C(e ,s,T,M)(l + e 5 k )(l + \u%\ Ef+P ). 

(p+i) (p+i) 

If moreover \u^ +1 \ e s+d < M, then one also has 

(p+i) 

\vl +1 \ E s +P -s <C(e ,s,T,M)(l + \ 

(p+l) (p+1) 

Proof. Thanks to Lemma [2j one can generalize (|26[) for all r > so + pm as 

l* e («)l^ 5 < C(\u\ E s^)\u\ E ^ +Cst 1(^,^)1^;, 
while (|27|) can be straightforwardly replaced by 



u 



< lUfclfiJ+P +Cst ^KUp 



■ fc+ ~'"(p+l) ■ '"'"(p+l) ••• '"'"(p+l) 

Using LemmaEJ instead of LemmaEJ one concludes as in the proof of LemmaEJ □ 

The rest of the proof of the theorem is similar to the proof of Theorem [TJ □ 

3.2. A few remarks. 

3.2.1. Dependence on other parameters. The mappings C e and T e which appear in 
the IVP {TJ) may also depend on other parameters than e. Theorems [TJ (or [TJ) still 
hold, with an existence time independent of all these parameters as soon as all the 
constants which appear in Assumptions [JJ[3] (or [TJ-[3j) are uniform with respect to 
these parameters (see Remark [7] below for such an example). 
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3.2.2. Restricting the range of the assumptions. It sometimes occurs that Assump- 
tions M (resp. d ) does not hold for all u £ X s+m (resp. u £ X^K) but only 

for u £ Q,o, with Oq an open subset of X s+D (resp. Xf^). If for all C/q one 
can find G f2 such that conditions (i)o, (h)o and (iii)o of the induction proof 
of Theorems [1] and [TJ are satisfied, then these theorems remain true. Indeed, by 

choosing 9q large enough, one can make I^H^s+d (k £ N) small enough to have 

(p+i) 

u k ■= u o + Y,i=o Sivf £ O . 

In particular, the theorems still hold if the Uq provided by Lemma^ belongs to Oq. 

Example 1. For the Serre and Green-Naghdi equations below, such restrictions on 
the range of validity of Assumptions [2] and [3] are imposed by the "nonzero depth 
condition" (|36|) . The comment above shows that these restrictions are without 
consequence provided that (|36[) is initially satisfied. 

3.2.3. Approximate linearization. The linear initial value problem ^ considered 
in Assumption [3] is the exact linearization of ([1]). One could replace it by an 
approximate linearization in the following sense (using the same notations as in 
Theorem[U and with K[t, u] := d t u + \C e {t)u + T e [t, u] - h e ): 

Proposition 1. Let L £ C([0, T] x X s+D ; £,(X s+m , X s )) (s > s + m) be such that 
for all t £ [0, T] and u,v £ X s+D , one has 

\^[t,u]v - L[t,u]v\ , +d > < C(s,T, \u\ s+D )\TZ[t,u}\ x s+D\v\ x s+D. 

Then Theorem^ still holds if the IVP 0j is replaced in Assumption^ by 

d t v s + ^C e {t)v e + L[t, u> E = f e , v\ t=0 = <f • 

Remark 4. In other words, the proposition states that one can replace the derivative 
of T e in Assumption [3] by another linear operator, provided that the difference 
between both operators vanishes on the set of solutions of ([T]). This trick can 
sometimes simplify the computations (see for instance [8] and Remark [5] below) . 

Proof. In the proof of Theorem [TJ we only use once the fact that the IVP ^ is 
the exact linearization of (JT]): in the derivation of (fH?]) (otherwise, we only use the 
estimate provided by Assumption [T]) . Replacing J-~^[t, u £ ] by L[i, u £ ] in Assumption 
[3] thus implies the following modification of (fT8|) : 

§ l (u% +1 ) = E 1 +E 2 +E^ 

where E\ and E% are the same as in (fl"8| . while £3 is given by 

E 3 := G e u [;u%y k - G[-,«|K, with G[-,u%] ■= U* (-t)L[-,U B {t)u%]. 

From Assumption [1] and the assumption made on L, one gets 

\E 3 \ +di < C(s, T, M)\$x(u%)\ x s+n \v%\ x *+d, 

where M is as in Lemma [3] Therefore, the result given in Lemma [3] remains valid 
provided that \<§>i(u%)\ F s+n < C(s,T,M)9^ q , with q = D — m — d^. This point can 
be added without difficulty to the induction proof of Theorem Q] 

• The property is true for k = if T is small enough (Lemma [7]); 

• If the property is true for some k £ N, then we just saw that Lemma [3] 
remains true, so that s+di < C(s, T, M)9^ 2q = C(s, T, m)9~ll /r ; 
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• We also get that |$iK +1 )| Jf .+p-m < C(s,T,M)0% +1 (from (i) fe+ i); 

• The estimate |$i(u| +1 )| x »+d < C(s, T, M)9'j^? 1 is then recovered by inter- 
polation between the two estimates above. 

It follows therefore that the proof is not affected by replacing J- £ by its approxima- 
tion L in ©, which proves the proposition. □ 

3.3. A stability property. We prove here a stability property for the IVP (fT|) 

which is very useful for the justification of asymptotic approximations of the exact 
solution. More precisely, assume that there exists an approximate solution u e app to 
(TTJ) in the sense that 



(34) 



d t u s app + - £ C £ {t)ul pp + T £ [t, u s app ) = h £ + u e R £ 

u app |t=o = ^0 + L e r£ ■ 



with L e > and (R £ , r £ )o <£<£o bounded in some appropriate space. Our goal here 
is to prove that there exists an exact solution u £ to {1} and that the error made 
by the approximation, namely u £ — u £ app , remains "small". An application of the 
following corollary is given in Theorem [3] below. 



Corollary 1. Let the assumptions of Theorem^ be satisfied and s > sq + (p + l)m. 

Assume moreover that (ita PP )o<e<£o an d {R s : re )o<e<e are bounded in and 
F( p ) P respectively. 

There exist < T < T and a unique family (u £ )o<e<e bounded in C([0, T]; X s+D ) 
and solving the IVPs (QPo<e<e • Moreover, one has 

W ~ <p P Ia-=+ d ^ Cst ^) 
and one can take T_ — T if i e is small enough. 

Proof. Let us seek an exact solution u £ under the form u £ — u £ app + i e e £ , which is 
equivalent to solving the IVP 

d t e £ + - £ C £ {t)e £ +E £ [t,e £ ] = -R £ 
ef = — r £ , 

1 4=0 

with 

£ £ [t,u] := i-^F^ul^ + l e u] - F £ [t,u £ app }). 
Lemma 8. The mapping satisfies Assumption^ for all s such that the family 

( I ^app 

| xS+(i+ i),„) 0<ir<eo is bounded. 
(p) 

Proof. Let us first prove that T £ satisfies the estimates given in Assumption [5J 
when j — 0. For all < i < p, one computes that e 1 2l^ [t, u] is a sum of terms of 
the form 

L- 1 {e k ^[t, u £ app + i s u] - e k T*$% u £ app ])([{ed t )u £ app ] a \ . . . , [W< w p), 

with k + a± + • • • + icti = i and j 1 = a± + • • • + a,-, so that we can use Assumption 
H to get 

sup |e l £ e(l) [t,w]| s - 4m < C(s,t, \u £ app \ x3+( i + i )m )\u\ s+m , 
te[o,T] (p) 
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which proves the case j = since we assumed that (|u^ pp | xS +(;+i) m )o< e <£ is 

(p) 

bounded. 

Since for all j > 1 one has 

the case j > 1 of the Assumption follows easily. □ 

Thanks to the lemma and to the assumptions made in the statement of the 
corollary, one can use Theorem [TJ with T e replaced by T_ s , and the first part of the 
corollary is proved. 

We now prove that it is possible to take T — T when l £ is small enough. Instead 
of taking the first iterate Uq of the converging sequence (w|)fc as given by Lemma 
[7J we can take Uq — u e app . Instead of shrinking T to prove the first step of the 
induction as in the proof of Theorem [TJ one must restrict to i B small enough. This 
shows that an exact solution to (fTJ) exists over [0, T\. In order to prove the error 
estimate, one proceeds as for the uniqueness part of Theorem [TJ □ 

4. Application to the Green-Naghdi and Serre equations 

This section is devoted to the proof of a well-posedness and stability result for 
the Green-Naghdi and Serre equations, which are among the most commonly used 
models in coastal oceanography. 

4.1. The equations. The Green-Naghdi and Serre equations describe the motion 
of a layer of incompressible and irrotational fluid under the influence of gravity and 
under some assumptions on the physical regime considered. Defining the dimen- 
sionless parameters /x and e as 

mean depth surface and bottom variations 

typical wave-length mean depth 

the Green-Naghdi and Serre regimes can be characterized as follows: 

• Green-Naghdi regime: fi -C 1 and e ~ 1; 

• Serre regime: /i -C 1 and e ~ y/Ji. 

A rigorous derivation of the Green-Naghdi and Serre models is performed in [2], 
to which we refer for more details. In nondimensionalized variables, the surface is 
parameterized at time t by ((t,X) (X G R 2 ), while the bottom is parameterized 
by 6(A). Denoting by V(t,X) € R 2 the vertically averaged horizontal component 
of the velocity field at time t, the equations read (with e = 1 for the Green-Naghdi 
equations and e = \JJi for the Serre equations): 

r (h + (j,T[h,£b])d t V + HV( + hs(V- V)V 
(35) | +fie\ i ^(h 3 V v div(V)) + Q[h,eb](V)\ =0 

where h := 1 +e(C~ b) while the linear operators T[h, b] and T>y and the quadratic 
form Q[h,b}(-) arc defined as 

T[h,b]V := -iv(/i 3 V -V) + \[\7{h 2 Vb-V)-h 2 \7b\J -V]+hVWb-V, 
V v := -(V • V) + div(V) 
Q[h,b](V) := \v{h 2 {V ■ V) 2 b) + h(^V v div(V) + (V ■ V) 2 b)Vb. 
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4.2. Well-posedness of the Serre and Green-Naghdi equations. Under the 
"nonzero depth condition" 

(36) 3h Q > 0, m£h>ho, (h = 1 + e(( - b)) 
and after defining the spaces 

(37) X s := {(V,0 G H S {R 2 ) 2 x H S (R 2 ), such that |V • V\ H * < oo}, 
endowed with the norm 

(38) \(V,0\x*:=\\V\\ s + \(\ H s, with \\V\\ S := \V\ H * + Vm|V • V\ H ; 

one can prove the following well-posedness result on the Serre (e = y/Ji) and Green- 
Naghdi (e = 1) equations: 

Theorem 2 (Well-Posedness of the Serre and Green-Naghdi equations). Let to > 1, 

e = J]i (Serre) or e — 1 ( Green-Naghdi), and s > to + 2. 

Let also (Vq 1 , Co )o<h<i be bounded in X S+3S and satisfy H36\) . 

Then there exists T > such that the Serre or Green-Naghdi equations H3,5\) admit 

a unique family of solutions (V^, C m )o<ai<i bounded in C([0, —]; X s+4 ) and with 

initial condition (Vq, Co)o<m<i ■ 

Remark 5. The spaces X s+38 and X s+A correspond to the spaces X s+P and X s+D 
of Theorem Q] (one can check that D = 4, P = 38 is an admissible choice when 
m = di = 2 and d[ = 0). 

Remark 6. For ID surface waves, flat bottoms (b = 0) and in the Green-Naghdi 
scaling (e = 1), Y. A. Li [12] uses precise estimates on the inverse operator (h + 
fiTlh^b])- 1 to obtain a well-posedness result in H S+1 (R) 2 x H S {R), with s > 3/2 
by a standard fixed point technique. It is not clear whether these techniques can 
be adapted to the 2DH case: the identity X s = H s+1 (R d ) d x H s (R d ) is false when 
d = 2, and the smoothing properties of (h + fj,T[h, £&]) _1 can only be used to control 
the derivatives of V which are in divergence form. 

Proof. We only prove the theorem in the Serre scaling (e = ^JJi) , which is the most 
difficult one because the existence time provided by the theorem is "large" (of order 
0(l/e)). The modifications to prove the theorem in the Green-Naghdi scaling are 
straightforward. 

For the sake of simplicity, we write T instead of h + fiT[h, eb] when no confusion is 
possible. It can be remarked that the operator T is L 2 self-adjoint; since moreover, 
one has 

(h + nT[h,eb])V,V) = (hV, V) 

+ M^Ay . V - ^ v6 tjAvt- ^vb ■ v) + \ (hvb ■ v, m • v), 

and using the assumption that infR2 h > ho, one deduces that 

(39) (TV,V)>E[eb](V) 2 , 

with E[b](V) 2 := h \V\ 2 L2 +fih \^V-V- ^Wb ■ V\\ 2 + ^\ V6 • V\\ 2 . 

It follows that T has a self-adjoint, positive, inverse bounded on L 2 {R 2 ) 2 and 
the equations (|35|) can be recast under the form 



(40) dtu + Cu + eT e [u}=0, 
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win, „ = (r ,o T ,£= ( dl ° v o ),^ E [-] = (^[-],^!H) r a 1 Hi 



Ff[u] = ^{%- x h-l)VC,+%- l h{V ■ V)V 

1 r V(/i 3 P y div(y)) + Q[/i,e6](y) 



-l 



-3 

^f[«] = V-((C-&)V). 

The existence result stated by the theorem gives a time interval [0, =] for (|40[). 
Rescaling time as t t/e, this is equivalent to solve the following equation on the 
time interval [0,T]: 

(41) d t u+ ^Cu + T £ [u] = 0; 

this latter formulation is of the form {T]), and the result thus follows from Theorem 
[TJ provided that Assumptions [TJ3] are satisfied. The rest of the proof is devoted to 
check that these assumptions are satisfied in the Banach scale X s defined in (f37|) . 
with so — to, m = di = 2, and d\ = 0. 

Remark 7. In the Green-Naghdi scaling (e = 1), the parameter \i cannot be ex- 
pressed in terms of e. As seen in Section 13.2. II in order for the theorem to be 
valid uniformly with respect to /i S (0, 1), we must check that Assumptions [l][3] are 
satisfied uniformly in fi £ (0, 1). 



Remark 8. We always assume implicitly that the nonzero depth condition (|36p is 
satisfied. As explained in Section [5. 2. 21 this is implied by the assumption that (|3"bT) 
is satisfied at t = 0. 

It follows immediately from the definition of C (independent of time here) that 
Assumption [T] is satisfied. In order to check the other assumptions, we need some 
preliminary results. 

The next lemma gathers some general estimates; the first one is a classical Moser 
tame product estimate, the second one is a generalized Kato-Ponce commutator 
estimate (note that the estimate depends on / only through its gradient, see Ths. 
3 and 6 of [H]), and the last one is a classical "quasilinear type" estimate (e.g. 
Chapter II. C of pQ). 

Lemma 9. Let to > d/2 and s > 0. 

i. For all f,g£ H s n H to (M. d ), one has, using notation 0), 

I/gin* < \f\wo\g\H* + (|/|H-|fl|K*o>8>t ; 

ii. Let r e K be such that -t < r < t + 1. Then, for all f E H ta+1 n H s+r (R d ) 
and u G H t0 nff s+r - 1 (R d ) ) 

|[A S ,/H ff ,. S |VjVoM^ + ,-l +(\Vf\ H s + r- i \ U \ Ht0 ) s>to + 1 _ r . 

iii. Let N G N. and P be a first order differential operator on L 2 (R d ) N with 
anti-adjoint principal part: P := Y]j—i Pj( x )dj + Po{x), with Pj(x) symmetric for 
j = 1, . . . , d and x G R d . Then, for all U G H s H H to+1 (R d ) N , 

|(AW,A S [/)|< (||P|| ff , 0+1 |[/|^+(||P||^|C/|^o +1 ) s>to+1 )|C/|^, 
with\\P\\ H s :=T,U\ P i\"°- 
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The following lemma gives some properties on T 1 which are necessary to check 
Assumption [2] (recall that the norm || • || s has been defined in (I38D ). 

Lemma 10. The following estimates hold for all s > and uniformly with respect 
io/i£ (0, 1) (and e = 1 or s — \fjx): 

i. ||T-V|| S < c (\V\ H , + ((\h\ Hs + \Vb\ Hs )\V\ Ht0 ) s>tQ+1 ); 

ii. VM|T- X vck s < coflCl*. + ((\h\ H . + |V6|*.)ICU +1 > s>to+1 ); 

iii- \\{^ lh - l ) V \ H * ^ ^o{\V\h^ + ((\h\ H s+i + |V6|^ +1 )|^U +1 ) s>to ), 
where Co is a constant depending only on \h\ H t +i and |Vfe|#t +i. 
Proof, i. Remark first that 

(42) \V\ 2 L2 < ^E[eb]{V) 2 and M |V • V\\ 2 < C(-L, \Vb\ L ~)E[eb]{V) 2 - 
replacing V by C I~ 1 V in the above expressions and using (|39[) shows that 

\1- l V\l, < ^(V,1- l V) and ■%- 1 V\ 2 L2 <C(^,\Vb\ L ~)(V,%- 1 V). 
A simple Cauchy-Schwartz inequality thus yields 
(aq\ / I^IU 2 ^ 2 ) 2 ^ 2 ^ 2 ) 2 < 7^ 

Using the fact that T _1 is self-adjoint, one has (l _1 V) = —V • T _1 , and thus 

(44) v / mII^ 1 V|| L 2 ( h=)^l2( R 2)2 < C(— , |V6| L »). 
We can now prove the following inequality 

(45) E[eb]{A*%- l V) < co(\V\ H . + ((\h\ H . + \Vb\ H .)\V\ Hto ) a>to+1 ), 

which, together with ([42]) , obviously implies the first point of the lemma. From 
(|3"9")l . one gets the relation 

E[eb](A s 1~ 1 V) 2 < (A s V r ,A s 1- 1 y) + (X[A S , T _1 ]V, A S T~ 1 V) 

(46) = (AY.AT 1 ^ - ([A^hjl-^A'I-W) - n{[A s ,r]%~ l V, A s %~ l V) . 
Replacing T by its expression and integrating by parts, one gets therefore 
E[eb](A sc Z~ 1 V) 2 < (A'V,A'Z- X V) - ([A s , h^V, A'T^V) 

-i([A s , /i 3 ](VmV ■ c I~ 1 V),A s ( y /Jl\7 ■ %- V)) 
-^([A s , /rWjSrV, A S (^V • X- V)) 

+ ^ ( [A s , h 2 V6] ( v^V • X- V) , A S S~ 1 V) + ai ( [A s , hVbVb T ]1- 1 V, A s %~ 1 V) . 

Applying Cauchy- Schwartz's inequality to every component of the r.h.s. of the 
above expression, and using Lemma [9]ii and (I39|) . one gets directly 

Eleb^A^V) < C(-L l/i^to+i, iVbl^to+i) 



+£;[e6](A s - 1 T- 1 V/) + ((|/ l | Hs +|V6| Hs )^N(A t0 V^)) 



s>t + l . 
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from which one deduces (f45|) . 
ii. Remark that 



VmIa^vcIs < v^l^vA'cla + VMltA'.ar^vc 

1 



2 — vr|» ,ii '5|2 1 V n I- ' ~ J * -»|2 



(47) < C(-^,|V6U»)|C|^+v / m|[A 5 ,1- 1 ]VC| 2! 

ft 1 12 

where we used (|43[) to control the first term of the r.h.s. For the second term, 
remark that [A s , X -1 ] = -1~ 1 [A S , < S\%~ 1 , so that 

[A^- 1 ] = -1- 1 [A s ,h}1- 1 + ^(^i'I- 1 V)[A s ,h 3 }(^-%- 1 ) 

-^( N /MT- 1 V)[A s ,/ l 2 V6] ■ X- 1 + ^T-MA S , V6](VmV ■ T _1 ) 
-/xT- 1 [A s ,V6V6 T ]T- 1 . 

It follows that | [A s , T" 1 ]VC|l2 can be controlled using Lemma [9jii, the estimates 
on ||T" 1 || £ 2^ £ 2 and v /7i||T _1 V|| £ 2^ L 2 given by (|43|) and (|44|) . and the estimate on 
||X _1 || and y//I||V • 1^ 1 \\h^h s given by i. Together with (j4"T)) . this proves 

ii. 

iii. Just remark that 1 - I" 1 ft = %~ x (% - ft) = H%~ X T, so that 

e e 
Since y/JI/e < 1, the result follows from the first two points and Lemma Oi. □ 

A direct consequence of LemmaslHli andfTUli and .iii, and of the definition of JF e , 
is that the first part of Assumption [2] holds with s — to and m = 2. 
Remarking that 

d c (C -> T-^C = -X-^eC + M;(C - Tfoe&DC)^ 1 , 

and using Lemmas [HU and UOl i and .ii, one can check that the conditions on the 
first and second derivative of T e made in Assumption [2] are also satisfied. 
In order to check Assumption [3l we must study the Cauchy problem associated to 
the linearization of (|4Tj) around some reference state u := (V, Q: 

(48) 8 t u + X -Lu + T e u [u]ti = f, U | t=0 - .g, 
with / = 0F\,/ 2 ) T and g := (G 1)92 ) T . 

From the explicit expression of £ and T e given in (|40|) . and writing ft := l+e(£— 6), 
T := T[/i, e6], and T := ft + /iT, one gets that (|48|) is equivalent to 

{h + fiT)d t V \ , / M N2 \ f V \ _ ( {h + ^T)F 1 \ 



(49) v ftc ; ^ v ^3 at 4 y v c ; - v h 



22 



BORYS ALVAREZ-SAMANIEGO AND DAVID LANNES 



with initial condition (V, C)| t=0 — (^1,32), and where the linear operators A/} (J — 
1, . . . ,4) are given by 

AfxV := h(V-V)V + h{V-V)V+^V[h 3 (Vv(^-V)+V v (y-V))] 1 

+»Q\h,eb](V,V), 

A/2C := -WC + bC + MV(MC), 

A/3V := • {hV), 

MC := V-(CZ), 

with 

:= eftX>v(V-Z) + (K' V) 2 fe - (Vfc-ftV) ■ (VC + e^TN). 
b := e(Z ■ V)F - eJ^ [u] + MfiVo, 

and with Q[/i, £&](•, •) standing for the bilinear symmetric form canonically associ- 
ated to Q[h, eb}. 

Remark 9. Thanks to Proposition Q] one can replace VC + £-7"i[m] by —edtV_ in the 
definition of a and — eT\ [u\ by edtV_ + V£ in the definition of b. It follows that 
y//I|a|^fs and \b\H" are bounded from above by 

<?(|Ck*o, + l&|ff*0+i, ||e9tV:||to)(|Ck' + IIZlls + l + H^Zlla + 

The following lemma end the proof of the theorem since it implies that Assump- 
tion [3] is also satisfied with s = to, m = 2, d\ = 2 and = (recall that the 
notation I s is defined in (O): 

Lemma 11. Let T > 0, / = (Fi,/ 2 ) G C([0, T];X S ), j£l s and u = (V,Q £ 
A^ +1 be such that dtu € Xy. Then for all s > 0, ttere exists a unique solution 
u = (V, C) € Xf fo and /or aZZ < t < T, 

\u(t)\ x . < cx(l'(*,/,fl) + ((N x -+* + )I t0+1 (t,/,5)) s>t0+1 ), 

with c x = C(T, ^, |u| x * +2, |e3tM| x *o+i, |6|if*o+2, |&|ir*+ 2 )- 

Proof. We only prove the energy estimate, since the existence/uniqueness of a solu- 
tion to the linear Cauchy problem (|19")) can be classically obtained by regularization 
techniques. Multiplying the first equation of (|49|) by TA S T _1 and the second by 
A 5 , and taking the scalar product with A S V and A s £ respectively, one gets 

^d t &A s V 7 A s V) + ^d t (A s (,A s () = -(A S MV, A S V) - (AW 4 C,A S () 

- [(A'jVaC, A s ^) + (AW 3 y, A S C)] 
+([A S ,%}%- 1 M 1 V,A S V) + ([A s ,'X\'X~ 1 J\f 2 £,A s V) 

(50) +(£A'F 1 ,A'V) + (A s / 2 , A S C) + ^(d t 5A s V, A S V); 

we now prove that (with u — (V, Q, u — (¥_, (), f = (-Fi, /a), and | • |x s as defined 
in (HID) 

9 t (IA s y,A s y) + a t (A s c,A s c) 

(51) < gidulx- + l/k- + ((Nx'+i + |E9 t u|xOI"U*o +1 ) s>to+1 )k|x«. 
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We thus check that all the components of the r.h.s. of ([50]) are bounded from above 
by the r.h.s. of ([51]). 

• Control of (A s J\f 1 V,A s V). Let us first rewrite 

(A'tfiV,A'V) = -i/i/ + (A s AV,A s V) + ^(A s B(V .V),A*(V -V)) 

(52) +fi(A s CV, A S (V ■ V)) + ^(A S D(V • V), A S V) 
with 

AV := h(V-V)(V + ^{V-Vb)Vb)+h{V-V)(V + v(V-Vb)Vb) 
~h 2 (V -V)(V -V)Vb, 

B := -\h?Vv-\k\V -V), 

CV := -h 3 {V- V)(V • V)- -h 2 (V- V)(V ■ V6), 

+[/i 2 (Z- v) + (/i 2 (y • v))*]v6- v 

D := Zi 2 Vfe(V-]/), 

and I := ([A s , h 2 Vb(V ■ V)]V • V, A s ^) + ([A s , h 2 (V ■ V)(V6 T -)F, A S V • V"). One 
can check that [il is bounded from above by the r.h.s. of (|51|) by applying Cauchy- 
Schwartz's inequality to its two components, and then using (|42|) and Lemma [9jii. 
Remarking also that A and B are first order differential operators with anti-adjoint 
principal part, one can use Lemma[H]iii and P2"]) to check that the second and third 
component of (| 5 2 [) are bounded from above by the r.h.s. of (|5ip . Finally, we can 
prove that the same control holds on the last two components of (|52p by using 
Cauchy-Schwartz's inequality and Lemma [5]i (remark that C and D are simple 
matrix and scalar valued functions). 

• Control of (A s A/4£, A s £). From the explicit expression of Ma. and Lemma [HI iii, 
one obtains directly that this term is controlled by the r.h.s. of (|5"lj) . 

• Control of (A S A/2C> A S V) + (A^AsV, A s (). Integrating by parts, one gets imme- 
diately that 

(AW 2 C,A s y) + (AW 3 V,A S C) = (A s (b(),A s V) - (A s (h(^JIa)0,^JIA s V ■ V) 

+J([A s ,/i]VC, A S V) + ^(V[A s ,h]V, A s (). 

The first two components can be controlled by a Cauchy-Schwartz inequality and 
Lemma [SJi, and the last two by Cauchy-Schwartz and Lemma [SJii (note that the 
commutator estimate provided by this lemma depends only on h through V/t = 
eV(C — b) and provides therefore the e necessary to compensate the singular term 
1/e). Together with the estimates of Remark [9j this shows that this term also is 
controlled by the r.h.s. of (|51| . 

• Control of ([A s , V&~ l MiV, A S V) . Let us remark that NiV can be written as 

(53) MV = %H + P 1 V + P 2 {^ -V), 

with H := [(V • V)V - f(V • Vb)V], and where Pi and P 2 are both first order 
differential operators, and whose coefficients are polynomial expressions of y/Jl, h, 
Vh, y/JIV ■ V, V(- V //IV • V) and of the vectors V and V6 and their first derivatives 
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(the exact expression of Pi and P 2 is of no importance). One has therefore 

W^T^iV = [A S ,J]H+[A S ,T}%- 1 (P 1 V + P 2 (^JIV -V)) 

= [A s ,h]H + [A s ,^-\PiV + P 2 ( v / mV • V)) 

+fi[A s ,T]H + fi[A s , TjX-^PiV + P 2 (VmV • V)) 

■= h + h + h + h- 

One deduces directly from Lemmas EJii and [TOli and the definition of H, Pi and 
P 2 that 

\h\ L > + < cSVh + ((IIZH^ + \h\ H s + \Vb\ H s)\\V\\ to+ i) s>to+1 ), 

and a simple Cauchy-Schwartz inequality shows that scalar products (7i, A S V) and 
(I2, A S V) are controlled by the r.h.s. of (|5ip . Proceeding exactly as for the control 
of the third term of (|46p . one can check that the same control holds for (I 3 ,A S V) 
and (h,A s V). 

• Control of ([A s , %%~ 1 M 2 C, A S V) . Using the explicit expression of %_ and Lemma 
rHH an d proceeding as for the control of the third term of (|46|) . one can bound this 
term from above by the r.h.s. of (f5Tj) . 

• Control of the last three terms of ([50|) . Controlling these terms by the r.h.s. 
of (|5ip follows directly from a Cauchy-Schwartz inequality (and an integration by 
parts for the 0(/j,) component of T and d t %). 

We can now conclude the proof of the lemma. Recalling that from ([39]) . (f42|) 
and the definition |38|) . one has 

{%A S V 1 A S V) + {A S C,A S Q < C(\h\ L °o,\Vb\ L ~)\uf xa 

\u\ 2 X s < C(-}-,\Vb\L~)(lA s V,A s V) + (A s CA s (), 
one can integrate ([51]) with respect to time to obtain, for all t £ [0, T], 

\u(t)\ X s <c 1 [\u(0)\ X s+ f {\u\ xs + \f\ X s + ((\u\ Xs+1 + \ed t u\ Xs )\u\ xto+1 ) s>to+1 )]. 
J 

Using this identity with s = to + 1 shows that 

(54) |u(*)|jr«o+i <&[K0)U«o+i+ / {\u\ x t 0+ i + |/|jf*o+0]. 

Jo 

and Gronwall's lemma thus yields, for all t G [0, T], 

|u(t)| x * +i <c 1 (|tt(0)| A .t o+1 + / sup \f(l/')\ X i 0+ ldl/) 

JQ 0<t"<t' 

(recall that c 1 is a generic notation whose value can change from one line to another); 
plugging this expression into (l54|) thus ends the proof of the lemma. □ 

□ 

4.3. Justification of the Serre and Green-Naghdi models. As said above, the 
Serre and Green-Naghdi are both asymptotic models which describe the dynamics 
of the water-waves equations. It is not known however whether these asymptotics 
are correct, in the sense that the exact solutions to the asymptotic models provide a 
correct approximation to the exact solutions of the water-waves equations. This is 
what we show below: if solutions (Uji , Ca PP ) to the water-waves equations exist and 
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approximately solve (|35j) . then their asymptotic behavior (as ft — ► 0) is correctly 
described by the Serre (e = ^/Ji) or Green-Naghdi (e = 1) models. 

Theorem 3 (Justification of the Serre and Green-Naghdi models). Let to > 1, 
e = y/Ji (Serre) or e — 1 ( Green-Naghdi) , and s > tg + 2. 

Let also T > and (VJ£, p , Capp)o<n<i be bounded in C([0, =]; A s+4 °) and assume 
that h£„ := 1 + e(C pp - b) satisfies (3tyatt = 0. If 



moreover 



(happ M^I^opp' £ ^])^*Kipp ^app^ Capp ^^appi^app ' ^)^app 



+fie 



^(K pp 3 V Va% div(V a %)) + QK pp ,eb](V a %) = n 2 Ri 

— „2_P 



, dtCapp + ^ ' (^oppKipp) — M r 2 J 

wit/i (i?i , )o</i<i bounded in C([0, =]; A s+38 ), i/ien there exists < T < T_ and a 
unique solution (^,C m )o<m<i € C([0,T/e] : X s+4 ) to {3^ with initial conditions 
(Kppl«=o'Cpp| i=0 )- Moreover, one /ias 

sup \{V^C)-{V» pp ,Cpp)\ <M 2 M 

0<t<T 

uniformly with respect to < /x < 1 . Restricting to small enough values of ft, one 
can moreover take T = T. 

Remark 10. The existence of a family (T^L,, Capp)o<ju<i having the properties as- 
sumed in the theorem is established in [2]. 

Proof. Since Assumptions [T][3] have been checked in the proof of Theorem [21 the 
result is a direct consequence of Corollary [1] □ 

Acknowledgment: The authors thank B. Texier for fruitful discussions. 

References 



[10 
[12. 



Serge Alinhac and Patrick Gerard. Operateurs pseudo-differentiels et theoreme de Nash- 
Moser. Savoirs Actuels. [Current Scholarship]. InterEditions, Paris, 1991. 
B. Alvarez-Samaniego and D. Lannes. Large time existence for 3d water-waves and asymp- 
totics. Technical report, Universite Bordeaux I; 1MB, 2007. 

S. V. Basenkova, N. N. Morozov, and O. P. Pogutse. Dispersive effects in two-dimensional 
hydrodynamics. Dokl. Akad. Nauk SSSR, 1985. 

A. E. Green, N. Laws, and P. M. Naghdi. On the theory of water waves. Proc. Roy. Soc. 
(London) Ser. A, 338:43-55, 1974. 

A. E. Green and P. M. Naghdi. Derivation of equations for wave propagation in water of 
variable depth. J. Fluid Mech., 1976. 

E. Grenier. Pseudo-differential energy estimates of singular perturbations. Comm. Pure Appl. 
Math., 50(9):821-865, 1997. 

Richard S. Hamilton. The inverse function theorem of Nash and Moser. Bull. Amer. Math. 
Soc. (N.S.), 7(l):65-222, 1982. 

G. Iooss, P. I. Plotnikov, and J. F. Toland. Standing waves on an infinitely deep perfect fluid 
under gravity. Arch. Ration. Mech. Anal., 177(3) :367-478, 2005. 

J. W. Kim, K. J. Bai, R. C. Ertekin, and W. C. Webster. A strongly-nonlinear model for water 
waves in water of variable depth: the irrotational green-naghdi model. Journal of Offshore 
Mechanics and Arctic Engineering, Trans, of ASME,, 2003. 

David Lannes. Wcll-poscdncss of the water-waves equations. J. Amer. Math. Soc, 18(3):605- 
654 (electronic), 2005. 

David Lannes. Sharp estimates for pseudo-differential operators with symbols of limited 
smoothness and commutators. J. Fund. Anal., 232(2):495— 539, 2006. 

Yi A. Li. A shallow-water approximation to the full water wave problem. Comm. Pure Appl. 
Math., 59(9):1225-1285, 2006. 



26 



BORYS ALVAREZ-SAM ANIEGO AND DAVID LANNES 



[13] Hans Lindblad. Well posedness for the motion of a compressible liquid with free surface 

boundary. Comm. Math. Phys., 260(2):319-392, 2005. 
[14] Hans Lindblad. Well-posedness for the motion of an incompressible liquid with free surface 

boundary. Ann. of Math. (2), 162(1):109-194, 2005. 
[15] John Nash. The imbedding problem for Riemannian manifolds. Ann. of Math. (2), 63:20-63, 

1956. 

[16] Markus Poppenberg. Nash-Moser techniques for nonlinear boundary-value problems. Elec- 
tron. J. Differential Equations, pages No. 54, 33 pp. (electronic), 2003. 

[17] Markus Poppenberg, Klaus Schmitt, and Zhi-Qiang Wang. On the existence of soliton 
solutions to quasilinear Schrodinger equations. Calc. Var. Partial Differential Equations, 
14(3):329-344, 2002. 

[18] Xavier Saint Raymond. A simple Nash-Moser implicit function theorem. Enseign. Math. (2), 
35(3-4):217-226, 1989. 

[19] Michael E. Taylor. Partial differential equations. Ill, volume 117 of Applied Mathematical 
Sciences. Springer- Verlag, New York, 1997. Nonlinear equations, Corrected reprint of the 
1996 original. 

[20] Ge Wei, James T. Kirby, Stephan T. Grilli, and Ravishankar Subramanya. A fully nonlinear 
Boussinesq model for surface waves. I. Highly nonlinear unsteady waves. J. Fluid Mech., 
294:71-92, 1995. 

Universite Bordeaux I; 1MB et CNRS UMR 5251, 351 Cours de la Liberation, 33405 
Talence Cedex, France 



